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Abstract

In this paper, a new subclass of complex-valued harmonic univalent functions f(z) = h(z)+g(z)
in the open disk U = {z : z ∈ C and |z| < 1} defined by using a linear operator. We investigate
coefficient condition, extreme points, distortion and convex combination for this subclass.
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1 Introduction

Let H represent the family of continuous complex valued harmonic functions which are har-
monic in the open unit disk U = {z : |z| < 1} and let A ⊂ H containing analytic functions in U . A
harmonic function in U of the form f = h + g, where h ∈ A also g ∈ A. Here h is called analytic
part and g is called co-analytic part of f . A necessary and sufficient condition for f to be locally
univalent and sense-preserving in U is that

∣∣∣h′(z)∣∣∣ > ∣∣∣g′(z)∣∣∣(see [7]). To this end, without loss of
generality, we may write

h(z) = z +

∞∑
t=2

atz
t, g(z) =

∞∑
t=1

btz
t, z ∈ U . (1)

Let the family of sense-preserving, harmonic and univalent functions f(z) = h(z) + g(z) de-
noted by SH in U satisfying the condition fz(0) − 1 = f(0) = 0. One simply shows that the
sense-preserving property implies that |b1| < 1. The SH0 ⊂ SH containing all functions of SH
such that fz̄(0) = 0, for detail see [7].

The geometric subclass and some coefficient bounds of the class SH studied in [7]. The fol-
lowing standard introductory text book [9] can be referred for more basic results, also see ([1],
[11]). In many articles different researchers found out several interesting results [8], [15], [16],
[20], [21] and [22]. Related class and its subclassess are also studied by [4], [5], [6], [12], [13]
and [14].

Motivated by earlier work of [3] and [6]. We investigate coefficient condition, convex combi-
nation, distortion and extreme points.

For f ∈ S, the differential operator Dn (n ∈ N0 = N ∪ {0}) of f was introduced in [14]. For
f(z) = h(z) + g(z) defined by (1), in [12] defined the modified Salagean operator of f as

Dnf(z) = Dnh(z) + (−1)nDng(z)

where

Dnh(z) = z +

∞∑
t=2

tnatz
t and Dng(z) =

∞∑
t=1

tnbtz
t.

Next, for functions f = h + g ∈ A given by (1), in [6] defined multiplier transformations, we
denote the modified multiplier transformation of f as

I0
ξ,σf(z) = D0f(z) = h(z) + g(z),

I1
ξ,σf(z) =

ξD0f(z) + σD1f(z)

ξ + σ
=
ξ
(
h(z) + g(z)

)
+ σ

(
zh
′
(z)− zg′(z)

)
ξ + σ

, (2)

Inξ,σf(z) = I1
ξ,σ

(
In−1
ξ,σ f(z)

)
, (n ∈ N0) . (3)

For 0 ≤ ξ ≤ σ. If f is given by (1), then from (2) and (3) we see that

Inξ,σf(z) = z +

∞∑
t=2

(
σt+ ξ

ξ + σ

)n
atz

t + (−1)n
∞∑
t=1

(
σt− ξ
ξ + σ

)n
btzt. (4)
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Also f is given by (1), we get

Inξ,σf(z) = f ∗
(
φ1(z) + φ2(z)

)
∗ ..... ∗

(
φ1(z) + φ2(z)

)
︸ ︷︷ ︸

n times

= h ∗ (φ1(z) ∗ ..... ∗ φ2(z))︸ ︷︷ ︸
n times

+g ∗ (φ1(z) ∗ ..... ∗ φ2(z))︸ ︷︷ ︸
n times

,

here "*" denotes power series convolution or Hadamard product and

φ1(z) =
(ξ + σ)z − ξz2

(ξ + σ)(1− z)2
, φ2(z) =

(ξ − σ)z − ξz2

(ξ + σ)(1− z)2
.

We obtain the following operators investigated by several researchers by specialization of pa-
rameters for all f ∈ A:

(i) In0,1f(z) = Dnf(z) ([14]);

(ii) Inλ f(z) ([6],[5],[10]);

(iii) In1,1f(z) = Inf(z) ([19]) for f ∈ H ;

(iv) In0,1f(z) = Dnf(z) ([12]);

(v) Inξ,1f(z) = Inξ f(z) ([21]).

Now, here we introduced the class SH(ξ, σ, n, ρ, δ) containing the function f defined by (1)
satisfying the the condition

Re

{(
1 + ρeiη

) In+1
ξ,σ f(z)

Inξ,σf(z)
− ρeiη

}
≥ δ (5)

where,0 ≤ δ < 1, η ∈ R, ρ ≥ 0, n, λ ∈ N0 and Inξ,σf(z) is defined by (4).

We let the subclass SH(ξ, σ, n, ρ, δ) containing the harmonic functions fn(z) = h(z) + gn(z)
with h and gn are

h(z) = z −
∞∑
t=2

atz
t and gn(z) = (−1)n

∞∑
t=1

btz
t, at, bt ≥ 0. (6)

By using the suitable values of the parameters, the classes SH(ξ, σ, n, ρ, δ) reduces to different
subclasses of harmonic univalent functions. Such as,

(i) SH(0, 1, 0, 0, 0) = SH∗(0) in ( [2], [17], [18]);

(ii) SH(0, 1, 0, 0, δ) = SH∗(δ) in ([11]);

(iii) SH(0, 1, 1, 0, 0) = KH(0) in ( [2], [17], [18]);

(iv) SH(0, 1, 1, 0, δ) = KH(δ) in ([11]);

(v) SH(0, 1, n, 0, δ) = H(n, δ) in ([12]);
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(vi) SH(ξ, 1, n, 0, δ) = SH(ξ, n, δ) in ([21]);

(vii) SH(ξ, σ, n, 0, δ) = SH(ξ, σ, n, δ) in ([3]).

Define SH0(ξ, σ, n, ρ, δ) = SH(ξ, σ, n, ρ, δ) ∩ SH0 and SH
0
(ξ, σ, n, ρ, δ) = SH(ξ, σ, n, ρ, δ) ∩ SH0.

2 Coefficient Condition

2.1 Theorem

If f = h+ g such that h and g are given by (1) with b1 = 0. Moreover, let
∞∑
t=2

[
(σt+ ξ) + ρσ(t− 1)

ξ + σ
− δ
] [

σt+ ξ

ξ + σ

]n
|at|+

∞∑
t=2

[
(σt− ξ) + ρσ(t+ 1)

ξ + σ
+ δ

] [
σt− ξ
ξ + σ

]n
|bt| ≤ (1− δ)

(7)

where, 0 ≤ ξ ≤ σ/2, n ∈ N0, ρ ≥ 0, ξ
ξ+σ ≤ δ ≤ σ

ξ+σ . Then f is sense-preserving, harmonic
univalent in disc U and f ∈ SH0(ξ, σ, n, ρ, δ).

Proof. If z1 and z2 are two distinct points then,∣∣∣∣f(z1)− f(z2)

h(z1)− h(z2)

∣∣∣∣ ≥ 1−
∣∣∣∣ g(z1)− g(z2)

h(z1)− h(z2)

∣∣∣∣
= 1−

∣∣∣∣ ∑∞
t=1 bt (z

t
1 − zt2)

(z1 − z2) +
∑∞
t=2 at (z

t
1 − zt2)

∣∣∣∣
> 1−

∑∞
t=1 t |bt|

1−
∑∞
t=2 t |at|

≥ 1−
∑∞
t=1

[ (σt−ξ)+ρσ(t+1)
ξ+σ +δ][σt−ξξ+σ ]

n

1−δ |bt|

1−
∑∞
t=2

[ (σt+ξ)+ρσ(t−1)
ξ+σ −δ][σt+ξξ+σ ]

n

1−δ |at|
≥ 0

this shows univalence. Note that f is sense preserving in init disc U because,∣∣∣h′(z)∣∣∣ ≥ 1−
∞∑
t=2

t |at| |z|t−1

> 1−
∞∑
t=2

1

1− δ

[
(σt+ ξ) + ρσ(t− 1)

ξ + σ
− δ
] [

σt+ ξ

ξ + σ

]n
|at|.

≥
∞∑
t=2

1

1− δ

[
(σt− ξ) + ρσ(t+ 1)

ξ + σ
+ δ

] [
σt− ξ
ξ + σ

]n
|bt|

>

∞∑
t=2

t |bt| |z|t−1

≥
∣∣∣g′(z)∣∣∣ .
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Utilizing the obvious truth that |1− σ + w| ≥ |1 + σ − w| if and only ifR(ω) ≥ δ, it is sufficient to
prove that |1− δ + ω| − |1 + δ − ω| ≥ 0 gives,∣∣∣(1− δ − ρeiη)Inξ,σf(z) + (1 + ρeiη)In+1

ξ,σ f(z)
∣∣∣−∣∣∣(1 + δ + ρeiη)Inξ,σf(z)− (1 + ρeiη)In+1

ξ,σ f(z)
∣∣∣ ≥ 0.

(8)

=

∣∣∣∣∣∣∣∣∣∣
(1− δ − ρeiη)

(
z +

∞∑
t=2

(
σt+ ξ

ξ + σ

)n
atz

t + (−1)n
∞∑
t=1

(
σt− ξ
ξ + σ

)n
btzt

)

+(1 + ρeiη)

(
z +

∞∑
t=2

(
σt+ ξ

ξ + σ

)n+1

atz
t + (−1)n+1

∞∑
t=1

(
σt− ξ
ξ + σ

)n+1

btzt

)
∣∣∣∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣∣∣∣
(1 + δ + ρeiη)

(
z +

∞∑
t=2

(
σt+ ξ

ξ + σ

)n
atz

t + (−1)n
∞∑
t=1

(
σt− ξ
ξ + σ

)n
btzt

)

−(1 + ρeiη)

(
z +

∞∑
t=2

(
σt+ ξ

ξ + σ

)n+1

atz
t + (−1)n+1

∞∑
t=1

(
σt− ξ
ξ + σ

)n+1

btzt

)
∣∣∣∣∣∣∣∣∣∣
≥ 0

≥2(1− δ)|z| −
∞∑
t=2

[
(σt+ ξ) + ρσ(t− 1)

ξ + σ
+ 1− δ

] [
σt+ ξ

ξ + σ

]n
|at||z|t

−
∞∑
t=2

[
(σt− ξ) + ρσ(t+ 1)

ξ + σ
− 1 + δ

] [
σt− ξ
ξ + σ

]n
|bt||z|t

−
∞∑
t=2

[
(σt+ ξ) + ρσ(t− 1)

ξ + σ
− 1− δ

] [
σt+ ξ

ξ + σ

]n
|at||z|t

−
∞∑
t=2

[
(σt− ξ) + ρσ(t+ 1)

ξ + σ
+ 1 + δ

] [
σt− ξ
ξ + σ

]n
|bt||z|t

> 2(1− δ)|z|


1−

∞∑
t=2

1

1− δ

[
(σt+ ξ) + ρσ(t− 1)

ξ + σ
− δ
] [

σt+ ξ

ξ + σ

]n
|at|

−
∞∑
t=2

1

1− δ

[
(σt− ξ) + ρσ(t+ 1)

ξ + σ
+ δ

] [
σt− ξ
ξ + σ

]n
|bt|

 .

The last inequality is non-negative by (7), and this completes the proof.

2.2 Theorem

If fn = h+ gn defined by (6) with b1 = 0. Then fn ∈ SH
0
(ξ, σ, n, ρ, δ) if and only if

∞∑
t=2

[
(σt+ ξ) + ρσ(t− 1)

ξ + σ
− δ
] [

σt+ ξ

ξ + σ

]n
at+

∞∑
t=2

[
(σt− ξ) + ρσ(t+ 1)

ξ + σ
+ δ

] [
σt− ξ
ξ + σ

]n
bt ≤ (1− δ)

(9)

where, 0 ≤ ξ ≤ σ/2, n ∈ N0, ρ ≥ 0, ξ
ξ+σ ≤ δ ≤

σ
ξ+σ .
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Proof. We skipped the "if" part because it is similar to Theorem 2.1, and we can write

SH
0
(ξ, σ, n, ρ, δ) ⊂ SH0 (ξ, σ, n, ρ, δ) .

For the "only if" part, we prove that fn /∈ SH
0
(ξ, σ, n, ρ, δ) if the condition (9) does not hold.

Note that a necessary and sufficient condition for fn(z) = h(z) + gn(z) defined by (6), belongs to
SH

0
(ξ, σ, n, ρ, δ) and satisfies the condition (5). This is analogous to

Re



(1− δ)z −


∞∑
t=2

[
(σt+ ξ) + ρσ(t− 1)

ξ + σ
− δ
] [

σt+ ξ

ξ + σ

]n
atz

t+

∞∑
t=2

[
(σt− ξ) + ρσ(t+ 1)

ξ + σ
+ δ

] [
σt− ξ
ξ + σ

]n
btz

t


z −

∑∞
t=2

[
σt+ξ
ξ+σ

]n
atzt +

∑∞
t=2

[
σt−ξ
ξ+σ

]n
btz

t



≥ 0.

For every value of z, |z| = r < 1 must hold the above condition. After selecting the values on the
positive real axis for z. where 0 ≤ z = r < 1, we must take

Re



(1− δ)−


∞∑
t=2

[
(σt+ ξ) + ρσ(t− 1)

ξ + σ
− δ
] [

σt+ ξ

ξ + σ

]n
atr

t−1+

∞∑
t=2

[
(σt− ξ) + ρσ(t+ 1)

ξ + σ
+ δ

] [
σt− ξ
ξ + σ

]n
btr

t−1


1−

∑∞
t=2

[
σt+ξ
ξ+σ

]n
atrt−1 +

∑∞
t=2

[
σt−ξ
ξ+σ

]n
btbtrt−1



≥ 0. (10)

If the above condition (9) does not hold, then numerator of (10) is negative for r sufficiently close to
1. Hence there exist z0 = r0 in (0, 1) forwhich the quotient in (10) is negative. This is contradiction
to the required condition of fn ∈ SH

0
(ξ, σ, n, ρ, δ) and hence here complete the proof.

3 Extreme Points

For investigating the extreme points for function fn ∈ SH
0
(ξ, σ, n, ρ, δ), we use the coefficient

condition obtained in Section 2.
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3.1 Theorem

Let fn be given by (2) then fn ∈ SH
0
(ξ, σ, n, ρ, δ) if and only if

fn(z) =

∞∑
t=1

(Xtht(z) + Ytgnt(z)) ,

where, h1(z) = z, ht(z) = z − 1− δ[
(σt+ξ)+ρσ(t−1)

ξ+σ − δ
] [

σt+ξ
ξ+σ

]n zt,
and gn1(z) = z, gnt(z) = z + (−1)n 1− δ[

(σt−ξ)+ρσ(t−1)
ξ+σ − δ

] [
σt−ξ
ξ+σ

]n zt,
Xt ≥ 0, Yt ≥ 0,

∑∞
t=1 (Xt + Yt) = 1, 0 ≤ ξ ≤ σ/2, n ∈ N0, ρ ≥ 0, ξ

ξ+σ ≤ δ ≤
σ
ξ+σ , (t = 2, 3, . . .).

Particularly, the extreme points of fn ∈ SH
0
(ξ, σ, n, ρ, δ) are {ht} and {gnt}.

Proof. We have from equation (6), for functions fn as,

fn(z) =

∞∑
t=1

(Xtht(z) + Ytgnt(z))

=

∞∑
t=1

(Xt + Yt)z −
∞∑
t=2

1− δ[
(σt+ξ)+ρσ(t−1)

ξ+σ − δ
] [

σt+ξ
ξ+σ

]nXtz
t

+ (−1)n
∞∑
t=2

1− δ[
(σt−ξ)+ρσ(t−1)

ξ+σ − δ
] [

σt−ξ
ξ+σ

]nYtzt.
Then

∞∑
t=2


[

(σt+ξ)+ρσ(t−1)
ξ+σ − δ

] [
σt+ξ
ξ+σ

]n
1− δ

 1− δ[
(σt+ξ)+ρσ(t−1)

ξ+σ − δ
] [

σt+ξ
ξ+σ

]nXt


+

∞∑
t=2


[

(σt−ξ)+ρσ(t+1)
ξ+σ + δ

] [
σt−ξ
ξ+σ

]n
1− δ

 1− δ[
(σt−ξ)+ρσ(t+1)

ξ+σ + δ
] [

σt−ξ
ξ+σ

]nYt


=

∞∑
t=2

Xt +

∞∑
t=2

Yt = 1−X1 − Y1 ≤ 1
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and so fn ∈ SH
0
(ξ, σ, n, ρ, δ). Conversely, if fn ∈ SH

0
(ξ, σ, n, ρ, δ), then

at ≤
1− δ[

(σt+ξ)+ρσ(t−1)
ξ+σ − δ

] [
σt+ξ
ξ+σ

]n and bt ≤
1− δ[

(σt−ξ)+ρσ(t+1)
ξ+σ + δ

] [
σt−ξ
ξ+σ

]n .
Set

Xt =

[
(σt+ξ)+ρσ(t−1)

ξ+σ − δ
] [

σt+ξ
ξ+σ

]n
1− δ

at, (t = 2, 3, . . .),

Yt =

[
(σt−ξ)+ρσ(t+1)

ξ+σ + δ
] [

σt−ξ
ξ+σ

]n
1− δ

bt, (t = 2, 3, . . .),

and

X1 + Y1 = 1−

( ∞∑
t=2

Xt + Yt

)
,

where Xt, Yt ≥ 0. Then, as necessary, we obtain

fn(z) = (X1 + Y1)z +

∞∑
t=2

Xtht(z) +

∞∑
t=2

Ytgnt(z)

=

∞∑
t=1

(Xtht(z) + Ytgnt(z)) .

4 Distortion and Convex Combination

In below theoremwe prove that the SH
0
(ξ, σ, n, ρ, δ) remains unchanged under distortion and

convex combinations of its numbers.

4.1 Theorem

Let fn ∈ SH
0
(ξ, σ, n, ρ, δ). Then for |z| = r < 1 and 0 ≤ ξ ≤ σ/2, n ∈ N0, ρ ≥ 0, ξ

ξ+σ ≤ δ ≤
σ
ξ+σ

we have

|fn(z)| ≤ r +
1− δ[

(2σ+ξ)+2ρσ(t−1)
ξ+σ − δ

] [
2σ+ξ
ξ+σ

]n r2

and

|fn(z)| ≥ r −
1− δ[

(2σ+ξ)+2ρσ(t−1)
ξ+σ − δ

] [
2σ+ξ
ξ+σ

]n r2.
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Proof. The proof of left hand inequality skipped due to similarity. hence we only prove inequality
on right hand side. Let fn ∈ SH

0
(ξ, σ, n, ρ, δ). Taking the absolute value of fn, we have

|fn(z)| ≤ r +
∞∑
t=2

(at + bt)r
2

≤ r + (1− δ)r2[
(2σ+ξ)+2ρσ(t−1)

ξ+σ − δ
] [

2σ+ξ
ξ+σ

]n ∞∑
t=2



[
(σt+ξ)+ρσ(t−1)

ξ+σ − δ
] [

σt+ξ
ξ+σ

]n
1− δ

at+[
(σt−ξ)+ρσ(t+1)

ξ+σ + δ
] [

σt−ξ
ξ+σ

]n
1− δ

bt


≤ r + (1− δ)[

(2σ+ξ)+2ρσ(t−1)
ξ+σ − δ

] [
2σ+ξ
ξ+σ

]n r2.

The left hand inequality in Theorem 4.1 covers the following result.

4.2 Corollary

Let fn of type (6) be so that, fn ∈ SH
0
(ξ, σ, n, ρ, δ), where 0 ≤ ξ ≤ σ/2, n ∈ N0, ρ ≥ 0,

ξ
ξ+σ ≤ δ ≤

σ
ξ+σ . Thenω : |ω| < 1− 1− δ[

(2σ+ξ)+2ρσ(t−1)
ξ+σ − δ

] [
2σ+ξ
ξ+σ

]n
 ⊂ fn(U).

4.3 Theorem

The class fn ∈ SH
0
(ξ, σ, n, ρ, δ) is closed under convex combinations.

Proof. Let fnj ∈ SH
0
(ξ, σ, n, ρ, δ) for j=1,2,..., where fnj is given by

fnj (z) = z −
∞∑
t=2

atjz
t + (−1)n

∞∑
t=2

btjz
t.

Then by (9),

∞∑
t=2

[
(σt+ξ)+ρσ(t−1)

ξ+σ − δ
] [

σt+ξ
ξ+σ

]n
1− δ

atj +

∞∑
t=2

[
(σt−ξ)+ρσ(t+1)

ξ+σ + δ
] [

σt−ξ
ξ+σ

]n
1− δ

btj ≤ 1. (11)

For
∑∞
j=1 pj = 1, 0 < pj < 1, we write the convex combination of fnj as

∞∑
j=1

pjfnj (z) = z −
∞∑
t=2

 ∞∑
j=1

pjatj

 zt + (−1)n
∞∑
t=2

 ∞∑
j=1

pjbtj

 zt.
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Then by (11),

∞∑
t=2

[
(σt+ξ)+ρσ(t−1)

ξ+σ − δ
] [

σt+ξ
ξ+σ

]n
1− δ

 ∞∑
j=1

pjatj

+

∞∑
t=2

[
(σt−ξ)+ρσ(t+1)

ξ+σ + δ
] [

σt−ξ
ξ+σ

]n
1− δ

 ∞∑
j=1

pjbtj


=

∞∑
j=1

pj


∞∑
t=2

[
(σt+ξ)+ρσ(t−1)

ξ+σ − δ
] [

σt+ξ
ξ+σ

]n
1− δ

atj +

∞∑
t=2

[
(σt−ξ)+ρσ(t+1)

ξ+σ + δ
] [

σt−ξ
ξ+σ

]n
1− δ

btj


≤
∞∑
j=1

pj = 1.

This is the condition required by (9) and so
∑∞
j=1 pjfnj (z) ∈ SH

0
(ξ, σ, n, ρ, δ).
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